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The weak-decay (β+ and EC) rates of neutron-deﬁcient Kr, Sr, Zr, and Mo isotopes are investigated within 
the deformed quasiparticle random-phase approximation with realistic nucleon–nucleon interactions. The 
particle–particle and particle–hole channels of residual interactions are handled in large single-particle 
model spaces, based on the Brückner G-matrix with charge-dependent Bonn nucleon–nucleon forces. 
Contributions from allowed Gamow–Teller and Fermi transitions as well as ﬁrst-forbidden transitions 
are calculated. The calculated half-lives show good agreement with the experimental data over a wide 
range of magnitude, from 10−2 to 107 s. Moreover, predictions of β-decay half-lives are made for some 
extremely proton-rich isotopes, which could be useful for future experiments.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
One of the most challenging issues in contemporary nuclear 
physics is the theoretical extrapolation from near-stable nuclei to 
exotic nuclei far from the stability line. It is required that theo-
retical methods or models not only reproduce the properties of 
the experimental accessible nuclei well but also have the ability 
of reliable predictions for nuclei beyond the experimental reach. 
One representative example is the theoretical research on β decay, 
which plays an essential role in understanding nuclear structure 
and astrophysics.
One of the popular theoretical models available for β decay is 
based on the quasiparticle random-phase approximation (QRPA). 
Some QRPA models with different ingredients have been devel-
oped including calculations with schematic separable Gamow–
Teller forces [1–6], Skyrme–Hartree–Fock models with consistent 
residual interactions [7], Hartree–Fock–Bogoliubov (HFB) models 
with ﬁnite-range Gogny interactions [8], calculations with zero-
range forces [9,10], and calculations with realistic nucleon–nucleon 
interactions [11–16]. The QRPA calculations with realistic interac-
tions have been performed for decades. Some major works can be 
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SCOAP3.emphasized. Based on the realistic G-matrix obtained by solving 
the Bethe–Goldstone equation with the Bonn potential, Suhonen et 
al. [12,13] calculated the Gamow–Teller transition strength for sev-
eral spherical nuclei. The group of Cheoun, Faessler et al. [14,15]
carried out the extended QRPA calculations with neutron–proton 
correlations for double-β decays of light nuclei, which constitute 
an essential issue in nuclear and neutrino physics [17–19]. All 
these calculations were performed in the spherical approxima-
tion. Considering β-decay rates of nuclei as well as matrix el-
ements of double-β decay are affected by nuclear deformations, 
the deformed QRPA with realistic interactions was established for 
two-neutrino and neutrinoless double-β decays [20,21]. Very re-
cently we have extended it for the β− decay of neutron-rich 
deformed nuclei [22,23], where contributions from both allowed 
Gamow–Teller (GT) and ﬁrst-forbidden (FF) transitions were cal-
culated. Compared with the QRPA with separable forces, progress 
has been made in two ways: Using separable forces, one needs to 
ﬁx the strength parameters for each phonon excitation. Just due 
to this diﬃculty, the available QRPA calculations with separable 
forces have been concentrated mainly on allowed GT transitions 
[1,2,4–6], ignoring the contributions of FF transitions. By contrast, 
using realistic interactions, it is feasible to treat all possible phonon 
excitations in one single formalism and with the same renormal-
ization parameters for residual interactions [23]. That is, with just 
two renormalization parameters, one can consider all kinds of β under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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ties. Furthermore, it is expected that the appearance of intruder 
single-particle states would make FF transitions happen and affect 
β-decay rates of nuclei. In some cases, FF transitions may play an 
important role in β decay [24–26]. Microscopic calculations of FF 
transitions are rare especially for β+/EC decays, because different 
considerations and treatments of FF transitions are required for β+
and electron capture (EC) decays. As far as we know, the researches 
on β+/EC decays, including the contributions from FF transitions, 
are much less documented as compared with the case of β− de-
cays. In this context, we intend to further improve the deformed 
QRPA with realistic interactions for β+/EC decays and perform mi-
croscopic calculations of both allowed and FF transitions. On the 
other hand, the ground-state energy of residual odd–odd nuclei is 
simply taken as the sum of the lowest proton and neutron quasi-
particle energies in most QRPA studies [4,6]. Here, the calculations 
with realistic interactions allow us to consider all possible two-
quasiparticle excitations. So one can obtain the energy spectra of 
daughter nuclei more precisely. This point is important for β-decay 
calculations, because the phase-space factor has a clear depen-
dence on the excitation energy of ﬁnal daughter states.
From the viewpoint of nuclear astrophysics, proton-rich nuclei 
in the A = 60–90 mass region are involved in the rapid proton 
capture (rp) process. The weak-decay rates of waiting points deter-
mine the rp-process time scale and hence affect nucleosynthesis of 
heavy elements [27]. The β-decay rates of 72,74Kr and 76,78Sr are of 
particular interest from both experimental and theoretical stand-
points [6,7,28,29]. Also, the β-decay half-lives of nuclei near the 
proton drip line are especially signiﬁcant for the extension of the 
reaction network beyond 64Ge [27]. On the other hand, neutron-
deﬁcient isotopes of Z = 36–42 exhibit rich deformed conﬁgura-
tions in this mass region. They are good candidates to discern the 
deformation effects on weak-decay rates. In this contribution, the 
β-decay rates of proton-rich even–even Kr, Sr, Zr, and Mo isotopes 
are investigated, from their longest-lived isotopes to the experi-
mentally unknown nuclei. Calculations are performed for both al-
lowed and FF transitions. The objective is to interpret the available 
experimental data and make predictions for the near-drip-line nu-
clei.
2. Theoretical framework
The partial half-life t1/2 for a β transition is calculated by the 




dWC(W )F (Z , R,W )(W0 − W )2W
√
W 2 − 1, (1)
where W0 and W are the maximum energy and the total energy 
(including the rest energy) of the β particle, Z and R are sepa-
rately the atomic number and the nuclear radius of the daughter 
nucleus, C(W ) is the so-called shape factor depending on nuclear 
transition matrix elements, and F (Z , R, W ) is the Fermi func-
tion [30] which accounts for the Coulomb interaction between the 
charged β particle and the residual daughter nucleus. For EC de-







where the sum is taken over all electron subshells from which an 
electron can be captured, nx is the fractional occupation number 
of the electron in the subshell x, Cx and f x are, respectively, the 
shape factor and the phase space factor for the subshell x.To manipulate the dynamics of the decaying system, the main 
focus lies on the shape factor which is closely associated with nu-
clear structure. It contains contributions from allowed Fermi and 
GT transitions as well as from FF transitions. For allowed Fermi 
and GT transitions, the shape factor is not dependent on the β en-
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∣∣〈 f ‖σ τ±‖i〉∣∣2, (3a)
B(F ) = 1
2 J i + 1
∣∣〈 f ‖τ±‖i〉∣∣2. (3b)
In the case of β+ decay, the shape factor of FF transitions depends 
on the β energy W . If only dominant terms are considered, it can 
be written as
C(W ) = k(1+ aW + b/W + cW 2). (4)
According to the treatment by Behrens and Bühring [30], the de-










































































1− (αZ)2, V = ξ ′v + ξw ′, ζ0 = V + ωW0/3,
Y = ξ ′ y − ξ(u′ + x′), ζ1 = Y + (u − x)W0/3, (6)
where ξ = −αZ/2R , α is the ﬁne-structure constant, Z is the 
atomic number of the daughter nucleus, and R is the radius of a 
uniformly charged sphere approximating the nuclear charge distri-
bution. The quantities μ1 and λ2 are associated with electron wave 
functions and momentum [30]. Their values are approximated as 
μ1 ≈ 1 and λ2 ≈ 1 [25]. The nuclear matrix elements can be ex-
pressed in terms of form-factor coeﬃcients A,V FKs . More details 
of the formalism can be found in Ref. [22].
In the case of EC decay, the shape factor of FF transitions is 
associated with the electron subshell. The shape factor for the sub-
shell x (i.e., K , LI , LII , MI , MII , . . .) can be expressed in terms of 
tensorial rank,
Cx = C (0)x + C (1)x + C (2)x . (7)
The detailed expressions are as follows [31],
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−ξ ′ y + ξ(u′ − x′) + (W0 + 1)(x+ u)/3− 2Exu/3
]2
+ (2x− u)2(W0 + 1− Ex)2/18, (8b)
C (2)x = z2(W0 + 1− Ex)2/12, (8c)
where ξ = αZ/2R and Z is the atomic number of the parent nu-
cleus.
Our approach is based on the deformed QRPA with charge-
dependent Bonn (CD-Bonn) nucleon–nucleon interactions on top of 
axially symmetric-deformed mean-ﬁeld calculations. First, the de-
formed single-particle basis is obtained by solving the Schrödinger 
equation in an axially deformed Woods–Saxon potential. The nu-
clear pairing correlations are then considered by solving the BCS 
equations, which construct the quasiparticle picture for the de-
caying ground state. The residual particle–hole (ph) and particle–
particle (pp) excitations are taken into account using the deformed 
QRPA equations. In a deformed system, it is usually easy to calcu-
late the nuclear matrix elements in an intrinsic coordinate frame. 
In this frame, the projection K of the angular momentum on the 
symmetric axis and the parity π are good quantum numbers. So 
one can separately perform both mean-ﬁeld and QRPA calculations 
in each Kπ block. The intrinsic excitations in even–even nuclei are 




[Xmpn,Kπ α†pα†n¯ − Ympn,Kπ ap¯an], (9)
where Xmpn,Kπ and Y
m
pn,Kπ are, respectively, the forward and 
backward-going amplitudes of the mth QRPA phonon characterized 
by projection-spin Kπ and energy ωmKπ , α
†
τ (ατ ) are quasiparti-
cle creation (annihilation) operators, and α†τ¯ (ατ¯ ) are the time-
reversed operators of α†τ (ατ ). The amplitude for β+/EC transitions 
from the ground state |0˜〉 of an even–even nucleus to the mth 
phonon state |mKπ 〉 of the neighboring odd–odd nucleus is ex-
pressed in the intrinsic frame by [22,23]
〈mKπ ∣∣β+J K ∣∣0˜〉 =
∑
pn
〈p|T J K |n〉[vpun Xmpn,Kπ + upvnYmpn,Kπ ]. (10)
To get the amplitude in the laboratory frame, which corresponds to 
the experimental value, one needs to express the initial and ﬁnal 
states in the laboratory frame in terms of the intrinsic states, as 
deﬁned in Refs. [8,32].
In order to compute absolute decay widths, one also needs to 
evaluate the excitation energy Eex referred to the ground state of 
daughter nuclei, since the f -value has a clear dependence on the 
excitation energy by the relationship W0 = (Q β − Eex)/mec2 − 1. 
For the β decay of even–even nuclei, the excitation energy Eex of 
the ﬁnal state can be obtained by subtracting a reference energy 
E0 from the QRPA energy ωmKπ , i.e., Eex = ωmKπ − E0, where E0 is 
associated with the ground-state energy of the odd–odd daugh-
ter nucleus. Here, the E0 value is achieved in the following way 
[23]: all the possible two-quasiparticle excitations are considered 
by solving the QRPA matrix equations with various Kπ and then 
the lowest energy eigenvalue is chosen as the E0 value.
3. Calculation details
First, the single-particle model space is constructed by solving 
the Schrödinger equation in the axially deformed Woods–Saxon 
potential with the “universal” parametrization [33]. The defor-
mation of parent nuclei is speciﬁed by the set of deformation parameters (β2, β4, β6), which are taken from the theoretical re-
sults of Möller et al. [34]. The heights of effective barriers for 
the positive-energy states are also evaluated in order to exclude 
spurious positive-energy solutions. In the calculations, the single-
particle basis contains all bound states as well as some resonant 
states with energies up to 10 MeV for protons and neutrons. In 
practice, the neutron single-particle space is formed in the spheri-
cal limit by 0 −4h¯ω harmonic oscillator shells together with a par-
tial 5h¯ω harmonic oscillator shell, and the proton single-particle 
space is formed by 0 − 3h¯ω harmonic oscillator shells together 
with a partial 4h¯ω harmonic oscillator shell.
Second, the Brückner G-matrix in the spherical harmonic os-
cillator basis is calculated with CD-Bonn interactions. The details 
of the calculations are described in Refs. [35,36] as well as the 
parameters used in the calculations. Then, by the decomposition 
of the deformed Woods–Saxon wave functions within eight major 
spherical harmonic oscillator shells, one can obtain the two-body 
interaction matrix elements in the deformed Woods–Saxon single-
particle basis from the CD-Bonn G-matrix, containing the ph and 
pp terms. The detailed computational procedures can be found in 
Refs. [20,22].
Third, the ph and pp interaction elements are renormalized 
by the strength parameters gph and gpp . Here, we use the same 
gph and gpp for all components Kπ . This makes the calculation 
straightforward and keeps the relative strength of different compo-
nents. The ph strength has main inﬂuences on the energy position 
of GT giant resonances (GTGRs) at a high excitation energy. And 
hence an appropriate value of gph can be determined by the avail-
able measurements or systematics on the GTGR energy [12]. Here, 
the gph strength is ﬁxed at a value of approximately gph = 0.90
for the nuclei under investigation [23]. The pp strength affects 
the QRPA energy of low-lying states and the transition strength to 
these states, both of which have direct effects on β-decay rates. So 
its value can be determined in terms of the experimental data. It 
is found that the available experimental half-lives can be well re-
produced with gpp = 0.55. The values of gph and gpp are slightly 
different from those of Ref. [37] (gph = 1.15 and gpp = 0.75). This 
may arise from different input quantities in G-matrix calculations, 
such as the starting energy, oscillator length, and spherical har-
monic oscillator shells. The difference of gph has minor effects on 
the ﬁnal results since β decay depends on the low-lying strength 
distribution. Here the gpp value is determined in terms of the 
β+/EC-decay data while its value is adjusted to ﬁt the β−-decay 
data in Ref. [37]. The slight difference of gpp is acceptable.
Moreover, the quenching effect is also taken into account by 
the quenching of the axial vector coupling constant gA . It was 
suggested in Ref. [38] that the non-nucleonic degrees of freedom 
bring in the quenching factor of roughly 0.77 for the GT strength. 
The quenching of FF transitions has been investigated in the shell-
model studies. It was found that the tensor part of 0− FF transi-
tions seems to be enhanced due to meson exchange current effects 
[24,25]. In view of these, the quenching factor gA/gfreeA = 0.75
is used in our calculations for both GT and FF transitions except 
for the 0− FF case. For the 0− FF transitions, following Refs. [37,
22–24], the enhancement factor is taken as  = gA/gfreeA = 2.0 for 
the tensor part while the factor  is ﬁxed at 1.0 for the scalar part. 
Actually, there is no doubt that the β-decay rates of nuclei could 
be better reproduced if the quenching factor is considered to vary 
with the different transition operators. This is rather complicated 
and worth further investigation.
4. Results and discussion
Using the formalism described above, the β+/EC rates of 
neutron-deﬁcient Kr, Sr, Zr, and Mo isotopes have been investi-
D. Ni, Z. Ren / Physics Letters B 744 (2015) 22–27 25Fig. 1. (Color online.) Cumulative values of the computed GT shape factor as a function of the excitation energy of the daughter nuclei for 72,74Kr. Calculations are separately 
performed with the deformed conﬁguration and in the spherical approximation.
Fig. 2. (Color online.) Percentage of the contributions of FF transitions to the decay rates of the neutron-deﬁcient Kr, Sr, Zr, and Mo isotopes.gated. In our calculations, experimental data of β-decay energies 
and neutron separation energies of daughter nuclei are taken 
from the AME2012 database [39] unless otherwise stated. In prac-
tice, the experimental measurements are still not available near 
the proton drip line. For this the extrapolated values are used 
based on the works of [39,40]. To estimate our theoretical results, 
the experimental β-decay half-lives are taken from the NuDat 
database [41].
First, let us gain insight into the inﬂuence of nuclear defor-
mation. Fig. 1 illustrates the cumulative values of the computed 
GT shape factors as a function of the excitation energy Eex for 
72,74Kr. Calculations are performed with the deformed conﬁgura-
tion suggested in the ﬁnite-range drop model (FRDM) [34] and in 
the spherical approximation, respectively. In terms of the FRDM 
calculations [34], the deformed conﬁgurations of 72,74Kr separately 
correspond to an oblate shape with β2 = −0.349 and a prolate 
shape with β2 = 0.400. As one can see, the cumulative GT shape 
factor calculated in the spherical approximation exhibits a step-
wise proﬁle, which corresponds to a few dominant GT transitions. 
The reason for this is that the spherical single-particle orbitals 
are degenerate and GT transitions occur between these degenerate 
orbitals. In contrast to the spherical case, the deformed conﬁgura-
tions yield a continuous increasing of the cumulative GT strength. 
This can be understood as fragmentation of the GT strength since 
the degeneracy of the single-particle orbitals is lifted by the defor-
mation.One important aspect of the present calculation is that FF tran-
sitions are considered in the calculations of β-decay rates in ad-
dition to allowed transitions. This provides a good opportunity to 
investigate the contribution of FF transitions to half-lives. The cal-
culated branching ratios of FF transitions are illustrated in Fig. 2. 
They varies from a few percent to at most 26%. An obvious con-
tribution is seen in the regions with Z = 36, N = 38, 40 and 
Z = 38, 40, N ≤ 36. To be speciﬁc, the FF transitions separately 
contribute about 17.7% and 25.0% for 74,76Kr. For 70Sr and 72Zr, 
the branching ratios are known as 11.2% and 11.6%, respectively. 
One can also see that the FF transitions generally make a small 
contribution of about 0.0–3.0% in the regions with Z , N < 38 and 
Z ≥ 38, N > 40. To understand this, we note that the FF transi-
tions require the change of parity and the FF contributions are 
related to the appearance of intruder single-particle orbitals in the 
spherical limit. In the upper right and lower left parts of Fig. 2, 
the valence neutron space does not vary much with the valence 
proton space, implying little change between the valence neutron 
and proton orbitals involved. So the contribution of FF transitions 
is small. When the proton and neutron numbers are located at 
the two sides of the deformed subshell N, Z = 38 (i.e., Z = 36, 
N = 38, 40 and Z = 38, 40, N ≤ 36), some FF transitions are pos-
sible and hence the importance of FF transition is enhanced. Here, 
the FF contributions have a little effect on the total β-decay half-
lives. However, for a complete interpretation of β decay, it is still 
required to take FF transitions into account.
26 D. Ni, Z. Ren / Physics Letters B 744 (2015) 22–27Fig. 3. (Color online.) Comparison of the calculated half-lives with allowed and with allowed+FF contributions [denoted by Allowed and Allowed+FF] with the available 
experimental data (denoted by Expt) for the neutron-deﬁcient Kr and Sr isotopes. The theoretical results of Möller et al. [denoted by FRDM(GT)] are also shown for comparison 
[1], where only allowed GT transitions are taken into account and only lower limits of half-lives (>100 s) are given for long-lived β emitters. The arrows pointing up stand 
for the calculated half-lives longer than 100 s.
Fig. 4. (Color online.) Same as in Fig. 3, but for the neutron-deﬁcient Zr and Mo isotopes.Next, let us turn to the calculation of β-decay half-lives. Fig. 3
shows a comparison of the present calculations with the exper-
imental data and the other theoretical results for the neutron-
deﬁcient Kr and Sr isotopes. In Ref. [1], GT β-decay rates were 
calculated within the FRDM plus QRPA using ph terms of separa-
ble forces. The authors regarded that their half-life calculations are 
more reliable for short-lived nuclei far from stability with respect 
to long-lived nuclei near the β-stability line; and hence they only 
gave the lower limit of calculated half-lives (>100 s) in the tables 
for the theoretical results longer than 100 s [1]. In Fig. 3, circles, 
triangles, stars, and diamonds represent the available experimen-
tal data, the results of Ref. [1], and the present calculations with 
allowed and with allowed+FF transitions, respectively. Note that 
some results of Ref. [1] are illustrated with arrows pointing up, 
denoting the calculated half-lives longer than 100 s (>100 s). As 
one can see, the present calculations show good agreement with 
the experimental data over a wide range of magnitude. In partic-
ular, the β-decay rates of the long-lived isotopes are well repro-
duced. In view of the success of the model for the measured data, 
the present calculations are extended towards the very proton-rich 
side, including 66,68Kr and 70,72,74Sr. One can notice that there is 
a discrepancy between our results and the FRDM results. It seems 
that the FRDM calculations yield longer half-lives than our calcula-
tions. A precise measurement with these emitters is a good test of the theoretical models, and will give us valuable guidance to im-
prove β-decay studies for exotic nuclei near the proton drip line.
In Fig. 4, we also display the results of the neutron-deﬁcient 
Zr and Mo isotopes, compared with the available data and the 
theoretical results of Ref. [1]. The experimental Q β value for 
80Zr is given in Ref. [39] as 5630(1490) keV. The uncertainty of 
1490 keV brings in an uncertainty in the calculated half-life of 
−4.0/+33.8 s, corresponding to an effect of roughly −80/+669%. 
In view of such large uncertainties, the Q β value of 5700(15) keV 
suggested by the NuDat database [41] is used in our calculations. 
The resulting half-life of 4.65(10) s is very close to the experi-
mental value of 4.6(6) s. One can also see that our results agree 
well with the experimental data, no matter it concerns the short-
lived or long-lived isotopes. Besides, the β-decay rates of the very 
neutron-deﬁcient isotopes 72,74,76,78Zr and 78,80,82Mo are predicted 
for future experiments.
Finally, it is interesting to evaluate our overall calculations. The 
standard deviation of the calculated β-decay half-lives for 17 nu-
clei is evaluated as σ = {∑17i=1[log10(T iexpt/T icalc)]2/16}1/2 = 0.32, 
which corresponds to a factor of roughly 2.11. As additional in-
formation, the standard deviation of the FRDM results [1] for 6 
short-lived nuclei is obtained as well, σ = 0.46 corresponding to 
a factor of about 2.90. In contrast to the FRDM results succeed-
ing for short-lived β emitters with half-lives less than 100 s, the 
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Results for the β+/EC decays of Ni isotopes. The second and third columns are, 
respectively, the total half-lives and β-decay branching ratios. The fourth column 
denotes the theoretical half-lives. The last column gives the half-lives calculated 
with the larger model space, showing minor changes of the theoretical results.





54Ni 104(7) ms 100 188 ms 178 ms
52Ni 40.8(2) ms 100 42.5 ms 39.5 ms
50Ni 18.5(12) ms 100 10.3 ms 9.5 ms
48Ni 2.8(8) ms 30(20) 4.4 ms 4.1 ms
present calculations give a complete and precise determination 
of β-decay rates up to 108 s. This is not so surprising since the 
parameters of Ref. [1] were adjusted to ﬁt all β emitters while 
the present parameters are only determined from the data of 
neutron-deﬁcient Kr to Mo isotopes. For calculations of all nu-
clei, the mass-dependent parameters may be needed, as shown 
in Refs. [1–4]. Anyway, tentative calculations with the same pa-
rameter set are performed for the β+/EC decays of Ni isotopes. 
The results are given in Table 1. One can see that the calcu-
lated half-lives agree well with the experimental data. Moreover, 
the single-particle model space is enlarged a bit and the decay 
rates are recalculated. The calculated results are listed in the last 
column of Table 1, showing minor changes of the theoretical re-
sults.
5. Summary and conclusions
In summary, the deformed QRPA with realistic nucleon–nucleon 
interactions is developed for the β+/EC-decay rates of neutron-
deﬁcient Kr, Sr, Zr, and Mo isotopes, which constitute an impor-
tant issue in the rp-process nucleosynthesis. Within the deformed 
QRPA, the residual particle–particle and particle–hole interaction 
matrix elements in the deformed basis are obtained in terms of 
the Brückner G-matrix with CD-Bonn nucleon–nucleon forces. The 
energy spectra in daughter nuclei are determined by considering 
all the possible intrinsic excitations within the QRPA framework. 
The contributions from both allowed (including GT and Fermi) and 
FF transitions are evaluated using the different intrinsic excita-
tions Kπ . The calculated half-lives shown in Figs. 3 and 4 are in 
good agreement with the experimental data over a wide range of 
magnitude, within a factor of about 2.11. Moreover, predictions of 
β-decay half-lives are made for some more neutron-deﬁcient iso-
topes. It is hoped that the present predictions will be useful for 
future measurements.
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